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Attitude Feedback Control: Unconstrained
and Nonholonomic Constrained Cases
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The problem is considered of asymptotically driving, the attitude of a spacecraft via feedback control. First,
a simple feedback control structure based on the measure of the equivalent angle axis is determined for a fully
actuated system. Then, the same reasoning is used to find the solution for a spacecraft operating in failure mode,
that is, whenever the angular velocity vector is constrained to lie in one of the spacecraft’s coordinate planes. The
basic aim is to show that with a simple choice for the attitude parameterization, a simple and effective structure

for the feedback control law can be obtained.

Introduction

HE problem of asymptotically driving the attitude of a space-

craft via feedback regulation is a standard one and can be ad-
dressed via a number of attitude representations that give rise to
different and effective control solutions. It is of greater interest to
understand if any of the feasible solutions under nominal opera-
tion conditions could be adopted (or extended) in case of failure.
In particular, we are interested in the case of failures that limit the
spacecraft’s attitude maneuvering capabilities and which constrain
(in a purely cinematic framework) the controllable vehicle angular
velocities that lie in a given plane fixed with respect to any space-
craft’s reference frame.

The general aspects characterizingthe constrained problem have
received a certain amount of attention in the past few years because
of their relevance in the area of nonlinear control of nonholonomic
systems (see Ref. 1). A complete survey on this subject may be
found in Ref. 2.

Within this framework, the problem of stabilizing the attitude of
a spacecraft subject to nonholonomic constraints has been investi-
gated in depth. In particular,in Ref. 3, it has been proven that such a
class of systems, evenif controllable,cannotbe stabilized to an arbi-
trary equilibrium pointif 1) a nonzero initial angular velocity exists
directed along the nonactuated axis and 2) smooth state feedback
controllaws are searched for. More precisely, if such an initial angu-
lar velocity exists, the system can be stabilizedto any arbitrary equi-
librium point only if discontinuousstate feedback laws are allowed.
In the case where smooth state-feedback laws are adopted and in
presence initial velocities as those just indicated, it has been shown
that the system is anyway stabilizable with respect to an attractor,
representedby a circularmotion aboutthe desiredequilibriumpoint.

From the results of Ref. 3, only initial angular velocities com-
patible with the nonholonomic constraints allow attainment of any
desired equilibrium attitude using smooth state-feedback control
laws. For this particular condition, a nonlinear stabilizing smooth
feedback law based on the use of a three-dimensional Euler-angles
parameterizationfor the spacecraftattitudehas been proposed. More
recently, a new and very specific kind of parameterization for rep-
resenting the spacecraft attitude was introduced. This approach al-
lowed simplifying the structure of previously proposed smooth con-
trol laws, including those presented in Ref. 3 and in many of the
references listed in Refs. 4 and 5, while also enhancing the overall
control performances.

In the present work we shall consider the well-known equiva-
lent angle-axis (Euler axis plus angle of rotation) parameterization.
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Many published works rely on such a representation(see Refs. 6-8).
However, in the mentioned work, the control laws are found in the
unconstrained case using quaternions to define the attitude of the
body. It is the authors’ opinion that for the present work simpler
and more intuitive results can be obtained using the properties of
the equivalent angle-axis formulation directly. In fact, for such a
representation, it is possible to design a very simple smooth state-
feedback control strategy for the fully actuated case ensuring the
asymptoticstability of any desiredequilibriumpoint. Then, it will be
shown that under possible failure conditions (assuming zero initial
spinrate along the unactuatedaxis) by using the same representation
the original control law for the nominal system can be generalized
leading to a time-invariantand almost everywhere smooth feedback
controllaw. Such a closed-loopcontrolstrategyallows the spacecraft
attitude to be asymptotically driven toward any desired equilibrium
point.

The paper is organized as follows. In the next section the kine-
maticequationsof areferenceframe whose attitudeis parameterized
via the equivalent angle-axis formulation are derived. In the third
section, proposed methods for the feedback control design either
in the unconstrained and the constrained cases are presented. In the
fourthsection, the problemof a preliminary maneuveringneeded for
specific initial conditionsis stated,and a possible solution algorithm
is proposed.

Kinematic Equations

Consider the spacecraftfixed frame (s ), whose attitude and angu-
lar velocity vector with respect to an assigned reference frame (o)
are, at each time instant, represented by the orthonormal rotation
matrix R and the geometric vector w, respectively. Then, denoting
‘w and “w as the algebraic vectors correspondingto the projections
of w on frames (s) and (o), respectively (thus satisfying the con-
ditions w = R*w and *w = R"°w) we may recall the well-known
strapdown differential equation

R = R[FwA] (1)

R =["wA]R 2)
that relate the time derivative of R to *w and/or °w, via the use of
their skew-symmetric matrix form for representing the projection
of vector cross-productoperations.

Consider an initial condition such that (s) and (o) are parallel,
that is, R =1. Then, the solution of one of the first two equations
shows that any attitude R can be reached via a single rotation of an
angle 6 € [0, 7] along a unit vector v, where 8 and v satisfy

R = e[v/x]@ (3)

The vector

8 Avo 4)
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is the so-called equivalent angle-axis geometric vector that admits
the same projection on both (s} and (o), that is,

O="0A 06 =v0 %)

which implies the fulfillment of the following eigenvector condi-
tions:

(I = R)§ =0, (I-Ry=0 )

Note that 0 € [0, 7] implies that we are considering the minimum
(positive) angle allowed to be used to reach attitude R.

Withoutloss of generality, throughoutthe following development
we shall always adopt the point of view of an observer located on
the spacecraft(fixed) frame. Thus, for furtherdevelopmentswe shall
always considerall of the needed vectors as projected on frame ().
In particular, for ease of notation, hereinafter we shall use the simple
form w instead of *w.

Hence, the time evolution of the attitude of (s ) can be represented
by the time evolution of the vector . To find the desired represen-
tation, let us first assume 6 € (0, 7) and then boundary cases 8 =0
and 6 =0 later.

Case1: 6 € (0, )
By differentiating both sides of Eq. (4) with respect to time, we
obtain
& =v0+10 7
Then, by considering that (see, for instance, Ref. 9 for the proof)
0=v'w ®)

it follows that Eq. (7) can also be rewritten as

5 =Wy + v (9)
where wj is the vector component of w evaluated along v and can
be expressed as

wo A [ w (10)

To complete the characterization of the time derivative of 4, let
us proceed further by evaluating the time derivative of vector v
appearing in Eq. (9). First differentiate the second of Egs. (6) with
respect to time, obtaining

(I —Rw =Ry (11)

Then, by substituting R with the right-handside of Eq. (1), recalling
the well-known properties of the (projected) vector cross-product
operations, that is, [wA]y = —[vA]w, and premultiplyingby R” we
get

v —RTv =[vAlw = [vAlw, (12)

where w is defined as the vector component of w orthogonal to v,
given by

wi A —-whHw =-[vAlPw (13)

Refer to Fig. 1. Because v is a unit vector, then v is orthogonal to v;

moreover, RTv (which has the same length as v) is also orthogonal

tov (recall that R” is the operator that rotates any vector of the angle

0 clockwise about the vector v). Hence, from Eq. (12), [vAJw is

the third edge of the triangle lying on the plane orthogonalto v with

two edges of equal length. Recall thatv and w ; are orthogonal;then
as regards the length of w,; we have

|wi| = 2|v| sin(0/2) (14)
and, moreover, v obviously can be represented as
v = vers(w)|v| cos(0/2) + vers([vAlw)|¥|sin(0/2)  (15)

where we have defined vers(a) =a/|a| as the unit vector of vector
a. Consequently, we have

1 7 cos(0/2)
2\ sin(6/2)

+ [v/\])wl (16)

,
e 3

[vA] @y

Fig. 1 Geometric relationships between v, 6, w] , and v.

Thus, substituting Eq. (16) into Eq. (9), for the time derivative d
whenever 0 € (0, ), we finally get the equation

1 (1 0 cos(6/2)

o1
I =w* s\ I5nom)

+ [6/\]>w n a7
Note that the preceding analysis also might be done using quater-
nions.

Case2: 0=m7

Equation (17) implicitly defines the relative motion of the two
frames (s) and (o) when the angle 0 € (0, ). Let us now discuss
the validity of Eq. (17) when 6 = . In this case, problems can arise
only in the correspondence of the behavior of 6. Recall that 6 is
measured so that it assumes only positive values; we can still use
Eq. (17) only if 0 tends toward the interior of its definition domain.
This means that Eq. (17) is always true if v/ w <0 for 0 =r.

On the other hand, if v"w > 0 (which means that 6 would tend
to assume values greater that ), we should be in the presence of a
switchingcondition,causing a discontinuouschangeof the direction
of 8. Obviously, both ¥ and & should have an impulsive behavior
in correspondence with such a transition. Nevertheless, we might
restart Eq. (17) with the new initial conditions

0() == v() =—v(x) (1)

where 1, is the time instant corresponding to such transition. This
must be taken into account when selecting the proper value of w
when defining the closed-loop control laws.

Case 3: 0=0

This case is in some sense more difficult to discuss because for
0 =0 the vector v is not well defined. However, trajectories crossing
0 =0 exist (as easy to understand from the definition of §).

Let us consider a time evolution (¢) and a time interval [* — &,
t* + €] (where ¢ is an arbitrary small number) such that

5(t%) =0, S EC te[(tF =g U™, t*+e)] (19)
Note that for ¢ approaching t* from both the left side and the right
side, we have that 6 approacheszero. Then because §(¢) € C' in the
corresponding subinterval,

lim 6 = Glim d =wo(t") + wi(tY) A w(th) (20)
t—t* -0

approaching t* from either the left or the right side. However, for
continuous and bounded angular velocities, 0 is continuous as is
4. Hence, for such angular velocities we can admit, as an analytic
prolongation of Eq. (17) in 6 =0, the equation

d=w 1

that coincides with the same simple form assumed by Eq. (17) when-
ever w meets the condition wy =w, thatis, w; =0. O
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To concludethe modeling section, recall that, for any well-defined
6 and w, 6 has a componentalong § that is directly proportionalto
the component of w along §. In fact,

d1 _, d1l . . .
= —_ =——=0v' Oy =00 =0 = 22
dt255 dt2v v vVw=0 w (22)

6"
Remark: Equation (22) suggests that if one would find a control
signal w that drives the system to the desired attitude, that s, reach-
ing the condition § =0, a possible approach is to look for w such
that a negative time derivative of 8’ d is obtained, thereby assuring
a monotonic convergence of § to zero.

Closed-Loop Approach to Kinematic Attitude Control
Let the spacecraft fixed frame (s) be initially located at any atti-
tude R(0) with respect to the reference frame (o). Then, by consid-
ering w as the input control vector, we look for closed-loop control
laws capable of asymptoticallydriving R toward the identity matrix.

Unconstrained Case

Consider the simple case in which w can be freely chosen in
a three-dimensional space. In such a situation, let us consider the
following positive definite quadratic form as a candidate Lyapunov
function:

V=1676=10 (23)

V measures the squared norm of the orientation error between (s)
and (o), which is properly represented by the equivalent angle-axis
vector . By differentiating with respect to time within the domain
0 € (0, m), we have

V=6éd=6w (24)

Then, in all of the cases where w can be arbitrarily assigned, it is
easy to solve the attitude control problem by simply choosing w of
the form

w=-y0, y >0 (25)

with ¥ not necessarily constant, and where the orientation error &
canbedirectly evaluated,on line, via the applicationof the following
well-known formulas (Versors’s lemma)

R — R” =2[vA]sin@ (26)
tr(R) =1 + 2cos6 27)

Control law (25) gives rise to a V that is negative definite within the
open domain 6 € (0, ), that s,

V=-—y66=-y6 (28)

Then, the norm 6 exponentially decreasesto zero, thus ensuring the
convergenceof 4 to zero and of R to I. Moreover, from the resulting
closed-loop equations

d=-76 (29)

we can see how that the asymptotic convergence of § toward zero
always proceeds monotonically (thus, without any finite-time zero
crossing or zero reaching) along the same direction exhibited by
4(0) whenever it is located outside of the origin.

Note how the application of control law (25), and consequently
the validity of expression(28), can actually be extended to the whole
closed domain 6 € [0, 7] because, with control law (25), a locally
decreasingbehavior for 6 turns out to be ensured even in correspon-
dence of 0 =7 and, from Eq. (29), 6(¢) € C*.

Constrained Control
In this section it will be apparenthow the geometric properties of
the equivalent angle axis can be used to devise in an intuitive way

the control laws to be applied in the presence of a nonholonomic
constraint.

Let us consider the case when w is constrained to lie on one of
the coordinate planes of (s) (for instance, the x-y plane). Under
this condition, obviously control law (25) can be used in its present
form (also inducing the same behavior and asymptotic properties)
only within the very particular case of 4(0) exactly lying on the
constraint plane x-Yy, at the initial time.

If this were not the case, however, we might try to approximate
Eq. (25) by simply projecting 6 on the x-y plane, thus tentatively
proposing a control law of the form

w=w; A —y(I —kk")§ = y[kATS, y>0 (30)

with k =[0, 0, 1] the unitary vector of the z axis of {s).

Now define « as the angle formed by vector § with its orthogonal
projection on the x-y plane, measured starting from the x—y plane.
Therefore, a € [0, /2] is well defined only for & £ 0 and is arbitrary
but not meaningful for 8 =0. Using Eq. (30) in Eq. (24) and first
assuming 0 € (0, ), we have

V =6"w, =yd8 [kA]?, d =-y(cos’ )@*> <0 (31)

From Eq. (8)
0 = —y(cos’ )0 (32)

Remark: Expression (32) indicates that 6 is always nonincreas-
ing. Hence, both Egs. (31) and (32) can be extended in the whole
range 0 € [0, 7]. Note that it is possible to deduce an exponential
decreasing to zero for 0 if

—y(cosla) <—&E< 0 (33)
O

The presenceof the bounded quantity cos® a appearingin Eq. (31)
makes V only a generally time-varying [because it is dependent
on the time evolution of angle a(?) acting as an input], negative,
semidefinite form within the domain 6 € [0, 7] (instead of being
unconditionallynegativedefinite as in the unconstrainedcase). This
means that, generally,even if a nonincreasingevolution for the norm
0 of § within [0, 7] is guaranteed the asymptotic attainment of a
null value by part of 0 itself might instead not occur [obviously
apart from the trivial case when §(0) =0]. In fact, by examination
of expression (31), it is an easy matter to verify that any vector &
located on the z axis (hence defining an angle o equal to 77/2) and
with norm 0 € [0, 7] might actually resultin a possible convergence
point for the whole closed-loop system. This means that after some
time the controlled system may find an equilibrium point that is not
the desired one, that is, characterized by a wrong attitude.

To clearly understand the behavior of the system, consider that,
from the definition of a, the quantity ¢ is given by the componentof
v directed along a unit vector b orthogonal to v, lying on the plane
containing v and k, and directed out of the x-y plane. Obviously, b
is uniquely defined only if & #0 and 7/2. More formally, if a =0
and /2, then

sina =k"v, if K'v >0 (34)

sino = —k"v, if K'v<0 (35)
Differentiating with respect to time and using Eq. (16), we get

L7 (1 cos(0/2)

+ [v/\])wu, if K'v>0 (36)

a= -
2cosa sin(0/2)
1 cos(8/2) .
3 =— k(1 + [vA , if K'v<0 (37
2cosar (sin(9/2) v ]>°’” if kv<0 @7)

Note that for @ =0 just one of the two preceding equations can
be used, that is, the one yielding & > 0 (this is due to the assumed
way of measuring @).

If we now consider the use of control law (30) it is easy to see,
with the help of Fig. 2, that ¢ is given by the component of v on the
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Fig.2 Geometric representation of the control signal w; and related
quantities.

plane where « is defined, that is, & = |v| cos(6/2). Then using for-
mula (14), both Egs. (36) and (37) collapse into a single differential
equation, that is,

. 1 cos(0/2) Yy o 0 0
& =—=|w | —— = =(sinacosa)————cos | = | (38)
2 sin(6/2) 2 sin(0/2) 2

where w ; is the vector component of w; orthogonalto v.

As apparentin the defined domains of a and 8, angle ¢ is always
greater than zero, generally inducing a monotonic increase of o
toward 7/2, except for the single case correspondingto a(0) =0.

A descriptive analysis of what generally occurs within the adop-
tion of a control law of type (30) can be performed with the help of
Fig. 2. In fact, in the case of § #0, the vector component w , of w;
that is directed as —4§ is only responsible for the nonincreasing be-
havior of the norm of §. Furthermore, w,, does not affect v. On the
otherhand, the orthogonalcomponentw |, providedit is nonzero at
the giveninstant (i.e., both o #0 and 7/2), only induces a nonzero
time derivativev, to v, as establishedby Eq. (16) with specifications
(30). Then, due to the presence of such a nonzero time derivative
v;, we have that its corresponding part aligned with w;; naturally
induces a motion component on v, and then on §, directed toward
the z axis. This in turn gives rise to a motion for a directed toward
7/2. Such a situation will lead to the eventual (as we shall discuss
later) monotonic and asymptotic convergence of angle a toward
7/2. This will also imply that 6 will be asymptotically aligned with
k if initially located strictly over the x—y plane, or asymptotically
aligned with —k in the opposite case.

The remaining part of v, that is, the one orthogonal to the for-
mer part and directed as [vA]w, 1, instead gives rise to a motion
component, for both v and 6, that is exclusively of precessiontype
around the z axis (of clockwise type in the upper half-space and
counterclockwisein the lower one).

Note that control law (30) cannot instead introduce any modifi-
cation on § whenever §(0) #0 is exactly aligned with the z axis
(thus letting a =7/2 for any ¢ =0). On the contrary, control law
(30) behaves as for the unconstrained case whenever 8(0) #0 and
a(0) =0.

Qualitatively,the motions §(¢) that can be expected are of the kind
shown in Fig. 3. A formal proof can now be sketched by considering
the scalar function

H =1(n/2 - a)? (39)

\e

Fig.3 Typical precession motion due to the control signal wy.

Taking the time derivative along Eq. (38), we have
H = —(y/2)(sinacos a)[6/sin(8/2)] cos(8/2) <0

for a€ (0, n/2), 0€ 0, ) (40)
that vanishes in correspondence of {0 =7, Yo }U {a =0; oo = 7/2;
VO}. Note that, because 6 is nonincreasing [from Eq. (32)] the first
equilibriumpointof H couldbe attainedonlyif = 7 W, and, hence,
anecessarily would be equal to /2. For any other 0, the condition
a =0 results to be an unstable equilibrium point, whereas o =7/2
is a stable convergence point. As a consequence of the preceding
analysis, the need arises to try to modify the control law (30) so
that  has nonincreasing norm 6 and o converges asymptotically
and monotonically toward zero. The convergence of a in turn will
ensure the convergence to zero of 4.

To attempt a possible solution to the outlined need, let us again
startby reconsideringthe case when §(0) #0, while also preliminar-
ily assuming a(0) € (0, 7/2). Letus considerthe followingmodified
form of the control law (30):

w=w; +w; (4])

with w; as in Eq. (30) and w; still to be specified, but of the form

wy =uh(-), h(-) =0 42)

where
u =vAk/ cosa if kv >0 (43)
u = —vAk/ cosa if  k'v<0 (44)

Therefore, u is the unitary vector directed as the opposite of the
vector product between § and its projection —[kA]*> on the x-y
plane; obviously u is well defined if § #0 and o € (0, 7/2).

The rationale underlying the proposed modification, for the as-
sumed case, can be understood with the help of Fig. 4. First note that
wheneverw | isnonzeroit lies on the unit vectorb defined before. In
Fig. 4, it can be seen that w,, which is orthogonal to v, cannot influ-
ence the rate of variationof the norm of 4. In this way the expression
for V givenby Eq. (31) still remains valid also using the control law
(41). However, w, induces an additional contribution v, to that, v,
due to w; . Because the components along w,; of both v, and v,
just result with opposite directions, this should leave the possibility
of motion of the angle a directed toward zero, instead of 7/2.

Furthermore, we require that 2(-) =0 for a =0: In fact, if & is
exactly located on the x—y plane, control law (30) would make §
convergeto zero by itself, and thenit would not make sense to perturb
such a good situation. We can now better formalize this problem
of making angle a converge to zero (via the use of the suggested
modified control law), for any well-defined angle a € (0, 7/2), that
is, in correspondenceof any & 70 neither lying on the z axis nor on
the x-y plane.
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Fig.4 Geometric representation of the control signals w; and w; and
related quantities.

unit vector RI(vg 6phv 4

coinciding with R(n, ¢)v

4 initial vector vg

current vector v (after a
. frame rotation of ¢ degrees
around n)

_______ trajectory of v for
increasing ¢ crossing
the x-y plane

»

= unit vector n

Fig.5 Motion of v corresponding to a finite rotation of (s) about .

First note that w; =w;; + w,. By the taking into account of the
definition of u and Egs. (36) [(or Eq. (37)] and (38) the following
equation holds true, independently from the values assigned to the
variable & appearing in Eq. (42):

d_l | lcos(9/2)_h
=2\ iner2)

U 4 oY (45)
=3 y(smacosa)sin(e/z) cos 2

By now introducing the positive definite quadratic function
U =1ta? (46)

and differentiating it with respectto time along Eq. (45), we obtain

. 1 s(6/2
U=-a |wu|M—h
2 sin(0/2)

_ Lol I (A “
= za y(smacosa)sin(e/z) cos >

which shows that, if we choose 4 of the form

h=po+ y(sinacos a)[0/sin(6/2)]cos(6/2), u>0 (48)

we immediately obtain
y 1 2
U= —SHQ <0 (49)
and, consequently, by substituting Eq. (48) in Eq. (45), we obtain
a=—(ul2)a (50)

whichimplies an exponentiallydecreasingbehaviorto a(?), entirely
evolving within the left open domain « € (0; «(0) < /2] for any
t =0, together with an asymptotic convergencetoward zero for any
choice of u (also state dependent) such that 4 =& > 0. As a con-
sequence, the monotonic and asymptotic convergence of 8 toward
zero, as well as that of 4, is in turn guaranteed. In fact, by defining
the complete Lyapunov candidate function

W =16"6+1c (51

the time derivative of W correspondingto the use of Eq. (41) results
in

W = —y(cos’ a)@* — %uaZ <0 (52)

which is negative definite and then assures the asymptotic conver-
gence to zero of both o and 6.

Furthermore, /1, as given by Eq. (48), actuallyresultsin a bounded
function of variables 6 and « that is also continuous and differen-
tiable within the considered domain 6 € (0, 7], « € (0; 7/2).

In conclusion, the complete control law results,

w=w; +tw, =w, +uh

= y[kA?d + u{ua + y(sin acos a)[0/sin(0/2)] cos(6/2)}
(53)

where for the unitary vector u we have

u=vAk if kK'v>0

d #~0and a € (0, 7/2)—
#0and o € (0, 7/2) {uz—v/\k if kK'v<0 (54)

Now consider the case when 8(0) #0 and a(0) =0, as already
mentioned and expected, no modifications, that is, w, =0, were
actually needed for control law (30) because angle o would remain
zero for all future instants [thus allowing Eq. (30) itself to behave
as in the unconstrained w case]. In fact, we note that the control
law given by Eq. (53) becomes the one given by Eq. (30) whenever
a =0. Therefore, we could naturally extend the validity of Eq. (53)
to the whole domain 6 € (0, 7], a € [0, 7/2), by simply letting u be
any arbitrary (because it is not influent) unitary vector orthogonal
to k, whenever a =0.

The same kind of extension also could be directly applied to the
case 6(0) =0, that is, when no corrections were needed to control
law (30), in this case generating a persistently null constant action,
provided that we accept defining @ A 0 in correspondence with
0 =0.

Finally, by considering the last situation, when 8(0) #0 and
a(0) = /2, we must recall that w,, generated by Eq. (30), would
be actually zero at # =0 (thus not producing any local decreasing
behavioron the norm 6 of § at¢ =0). Furthermore, the simultaneous
action of the nonnull additional term w, should be necessary to per-
turb & and to move it away from its original direction aligned with
the z axis. If a(0) =n/2, vector u is not well defined. Therefore,
consideru as any unit vector orthogonalto k (and, hence, to v in this
case). Because / is not zero, the system will evolve in such a way
that after any small time interval the angle o will be less than /2.
Therefore, after that interval, both 6 and o will be asymptotically
convergent toward zero.
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Hence, the control law given in Eq. (53) can be considered within
the complete domains 6 € [0, 7] and o € [0, 7/2], provided we de-
fine the following choice for u:

u=vAk if kTv>0

d#~0and a€ (0, 7/2)—
#0and o€ (0, 7/2) {u:—v/\k if k'v<0 (55)

a =0 or oo =m/2— u is any unitary vector orthogonaltok (56)

O

Analysis of the Closed-Loop Motion in the Constrained Case

Consider now the problem of analyzing what we earlier called
precession type motion about the z axis that is generally imposed
to all vectorsby Eq. (53), whenever operating within the conditions
6 £#0 and a €[0, 7/2), and basically due to the components of ¥
aligned with [vA]w , (see also Fig. 5).

Let Q be the scalar angular velocity characterizing such a mo-
tion (still clockwise in the upper half-space, counterclockwise in
the lower, and obviously null for motions starting, and then entirely
evolving, on the x-y plane). Q1is the component of the total deriva-
tive v aligned with u and divided by the orthogonal component of v
with respect to the unit vector k that is

Q=v"u/cosa (57)

The use of Eq. (16) and of some vector algebraleads to

1 cos(0/2
o= (|wu| ¥ ¥|w1|> (58)
2cosa

sin(0/2)
that, using Eq. (53), immediately becomes

_ v Osina

_r LB a cos(8/2)
2 2sin*(6/2)

2 cos a sin(0/2)

(59)

which evidencesthat, for § convergingto zero from outside the x-y
plane (otherwise 2 would be identically zero), Q2 could tend to infin-
ity, tend to a constant, or could be monotonicallyand asymptotically
convergent to zero, depending of the exponential convergence rate
assignedto o with respect to that of 6. Because the convergencerate
of o only depends on the gain factor u, while that of 0 is mainly
influenced by v, it is clear, from Eq. (59) that by choosing it suffi-
ciently larger than y, we can always guarantee that 2 will be also
monotonically and asymptotically convergent to zero.

As it can be easily realized, the case when €2 also converges to
zero actually correspondsto a terminal motion for vector § where its
tip, monotonically and asymptotically, reaches the origin by land-
ing on the x-y plane, eventually proceeding toward zero with an
asymptotically constant final direction.

From a practical point view, a choice for gains y and p as already
indicatedrepresentsa greatadvantagebecauseit allows the adoption
of control actions w(?) characterized by monotonically reducing
spinning rates €2(¢) for increasing time, that is, with a reducing
angular acceleration vector for increasing time.

Unfortunately such a nice property is generally counterbalanced
by a nonnegligibledrawback that might occur at very early instants
ofthe applicationof controllaw (53). In fact from Eq. (59), it appears
that Qtends to be unbounded whenever 1) a is very close to the /2
value and/or 2) the ratios sin o/ sin(6/2) and a/sin(0/2) are high
(possibly even with small value for @).

Consequently, it is clear that, when starting with §(0) #0 and
a(0) € (0, #/2) and falling within at least one of the outlined cases
(1 and/or 2), extremely high-rate spinning angular velocity vectors
w(t) (alsoinducingextremely high angularaccelerations) would ac-
tually be required at the very beginning of the applicationof control
law (53).

Suchanegative property would preventthe applicationof Eq. (53)
in a real environment where vehicle dynamics have to be taken into
accountand infinite referencesignals obviously cannotbe admitted.
For instance,considerthe hierarchicalcontrol architecture proposed
in Ref. 9 consisting of an outer loop where a robotic system is con-
sidered at a kinematic level and of an inner loop acting on the dy-
namics and devoted to follow the reference velocities provided by

the outer loop. To assure the effectiveness of the inner loop, one
has to require the boundedness of the reference signals and of their
derivatives.

For these reasons, the following analysis will be devoted to design
operating modes avoiding the generation of infinite angular accel-
erations. Let us first upper bound the right-hand side of Eq. (59)
considering u =207y, thatis,

Q< Ky(1/ cosa)(al0) (60)

where K is asuitableconstant value. We can immediately see that, to
guaranteea spinningrate €2 alwayslower thanan assignedmaximum
one €,,, we should have the condition

y <Q,(0cosalKa) (61)
Such a condition can be trivially fulfilled by choosing
y =min{Qm9cosa/KOc, 7/*} (62)

where y* > 0 represents the maximum allowable feedback gain.
This expression leads to the following closed-loop equations for o
and 6:

0 = —min {Qmecos alKa, 7/"}(cos2 a)é (63)
@ =—omin {Q,0cosa/Ka, y"}a (64)

Note that the region where the gain parameters become state inde-
pendentis described by

Ocosala =y*(K/Q,) (65)

For the behavior of 8 with respect to o, we can study the time
evolution of the positive scalar function

F = (a/6)? (66)
Taking the time derivative along Egs. (63) and (64), we get
F =—(a/0)*min{Q,0cosa/Ka, y*}(c —cosa)  (67)

which is well defined and negative for 6 € (0, 7] and o € (0, 7/2)
if o > 1. Such a study shows that, for 6 and « initially within the
given domains, the ratio a/ 6 has a decreasing behavior allowing us
to conclude that

lim (a/0) =0 (68)

t— o

which also implies, together with the monotonic decreasing behav-
ior of a and 6, that after a transient time interval such that o and 6
fulfill Eq. (65), the gain parameter will remain stationary.

Moreover, the time evolution of the gain parameters can be put
into evidence by noting that

d Bcosa  yBacosa(o — cos’a) + oyfo’sina

d « o? (69)
which is well defined and positive for 6 € (0, =] and o € (0, 7/2)
if o> 1. This means that the gain parameters are monotonically
nondecreasing with time.

For the boundary conditions it is easy to see, from the closed-
loop equations, that problems can arise only in correspondence of
a =n/2, which defines an undesired equilibrium point of the de-
scriptive variables. From a practical point of view, the gain param-
eters expressed by formula (62) generate for @ = /2 an undesired
equilibrium point and induce for o close to /2, or small ratios 6/2,
an extremely slow motion of the system.
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Preliminary Maneuvering

To overcome the mentioned drawback, a preliminary maneuver-
ing action is proposed. The goal of such operation is to transfer
the variables a and 6 to locations suitable for the subsequent ap-
plication of Eq. (53) with reasonable convergence velocity, namely,
values such that condition expressed by Eq. (65) is fulfilled.

As apparentfrom Eq. (5§9), and because the gains are assured to be
monotonically nondecreasing by Eq. (69), the slowest convergence
velocity of the system toward the goal is a function of the initial
conditions through

Q,,0(0) cos a(0) } 0

0) = min
7(0) i { Ka(0)
It may happen that the immediate applicationof Eq. (53) could give
rise to excessively slow motion. If we want to apply Eq. (53) being
sure that

y() =py*, p€(0,1) (71)

we must decompose the control problem into two phases, that is,
phase 1, if necessary drive smoothly o and € in such a way that
Eq. (71) holds in some finite time ¢*, and phase 2, from ¢* on apply
Eq. (53).

Phase 1 is what we call preliminary maneuvering. Recall that
the need of this phase depends on the initial values of a and 6. To
explain how to implement the preliminary maneuver consider the
following.

Lemma: Let ag A a(0) #0 and 6, A 6(0) 0 be the values at-
tained by the angles relevantto orientation vector 8o A 8(0) A0 at
the initial time. Consider any unitary vector r satisfying the condi-
tionn”v, € (—1, 1), that s, not perfectly aligned with v; also refer
to an angular rotation ¢ along such vector n, superimposed to the
spacecraftframe (s) starting with initial orientation §,, by an angu-
lar velocity w always directed along n. Then, the following holds
true 1) 3 ¢° € (0, 27] such that a(¢°) =0 and 2) 8(¢) £0.

Proof:Let R(v(0,) be the rotation matrix at the initial time instant.
After a rotation of amplitude ¢ (without loss of generality assume
it counterclockwise), along a unit vector r the new rotation matrix
is given by

R(6v) = R(vo00)R(n, ¢) (72)
The new equivalentangle axis v must satisfy Eq. (6), that is,
[l = Rvoby)R(n, $)Iv =0 (73)
By premultiplying Eq. (73) by R” (v,6;,), we obtain
[R” (vot) — R(n, $) [y =0 (74)
which can be rewritten as
RT(v0)v = R(n, p)v (75)

Equation (75) states the following: The new unit vector v must be
such that its clockwise rotation about v, coincides with its counter-
clockwise rotation about n. By definition of rotation about a given
vector, the vector

A =v—R(n, ¢)v =v— R (v6))v (76)

mustbe orthogonalboth ton andv,. Hence, we can betterunderstand
the behaviorof v by consideringthe plane defined by v and n (refer
to Fig. 5). Any couple of unit vector v and R” (vy6,)v (that must
rotate clockwise of 6, around vy) must have its tip belonging to the
two meridians of the unity sphere with pole v, defined by a solid
angle 6. In the same way, any couple of unit vector v and R(n¢)v
(that must rotate counterclockwise of ¢ around n) must have its
edges belonging to the two meridians with pole r defined by a solid
angle ¢. Hence, for different values of ¢, unit vector v will proceed
along one of the meridians of vy until, for ¢ =27, it coincidesagain
with vo. Now, because any meridian of v, crosses the x-y plane (for
instance, see Fig. 5) it proves for some ¢° unit vector v will lie on
such a plane, thereby showing part 1 of the lemma. O

For part 2 of the lemma, by definition, R(v(6) is the only rotation
(about a fixed axis) that can reorient the frame (s) with respect to
(0). If we could find a rotation angle ¢ about r such that (¢) =0
(after the preliminary maneuver), then the uniqueness of vy would
be violated because by assumptionn’v, € (—1, 1). O

Remark: Condition n” v # £1 reported in the preceding lemma
can be easily justified using trivial geometric considerations. If n
and v, were perfectly aligned, the meridians of n and those of v,
could intersect each other either only in the two poles for ¢ =6, or
would be the same circles for ¢ =6,.

From Eq. (75) this means that if ¢ % 6,, that is, we rotate along
the equivalent angle axis of an angle different from that required
by Eq. (3), unit vector v of the equivalent axis would not change.
On the other hand, if ¢ =6, we have rotated of the exact angle
required by Eq. (3) and, hence, at the end of the maneuvering 0
would be zero and then v could not be uniquely defined [in this case
Eq. (75) would be an identity]. This is actually coherent with the
unconstrainedcase, where w was chosen along vy and there was no
change in v, whereas only 6 was affected by w. O

The resultof the precedinglemma allows us to state the following.

Corollary: In the constrained case we can implement the prelimi-
nary maneuveringchoosingany n lying onthe x-y plane. Moreover,
there exists a rotation ¢*(p) such that

Q,0(¢%) cos a(¢*) } .
—_— =py’,

p€ (0, 1)
an

Proof: The first statementis obvious. The second statementcanbe
straightforwardly proven noting that, for continuous angular veloc-
ities directed along n, all of the descriptive variables are continuous
and

0,,0(¢) cosa(¢) o

78
om0 Ka(d) 78)

O
The rationale for a control law capable of preliminarily making
(if the case) the gain y, given by Eq. (62), greater than py * then fol-
lows directly: It simply consists of a continuousincrement of angle
¢ starting from zero (and not exceeding the 27 value) till the fulfill-
ment of the equality conditionreported within Eq. (71). Obviously,
whenever needed, the preceding objective can be easily obtained by
applying, for instance, a positive constant angular velocity along n,
to be suddenly switched off at the time instant when threshold py *
is reached. Alternatively, the following closed-loop control law (of
asymptotic nature) can actually be used:

o =nAimin{S; py* -y}, A>0, S>0 (79)
with S a suitable threshold value.

Conclusions

The paper has considered the problem of asymptotically driving
the attitude of a spacecraft via feedback control. It has been shown
that the attitude parameterization known as equivalent angle axis
can be effectively used to design simple feedback attitude control
laws. These control strategiescan be applied either when the system
is fully actuated or when the spacecraft operates in a failure mode.
An analysis concerning the induced angular accelerations has been
carriedoutto ensurethe boundednessof the demandedcontrol signal
in view of a possible application of the proposed scheme for the
actual dynamic control of the real system.

The outcome of the analysis has shown that, in case of failure
mode, a very simple sequence of two control actions can be defined
to solve the reorientationcontrol problem with bounded control sig-
nals. The first control, to be applied only if specific critical initial
configurations of the spacecraft are met, operates for a finite time
interval. This control, which may not reduce the actual orientation
error, applies an angular velocity about a fixed and almost arbitrary
rotation axis until suitable geometric conditions are fulfilled. Be-
yond this point, the proposed smooth control law, which ensures
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the asymptotic convergenceto zero of the orientation errors, can be
safely applied.
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